Let G be a finite abelian group of order n and let ∆ n−1 denote the (n − 1)-simplex on the vertex set G. The sum complex X A,k associated to a subset A ⊂ G and k < n, is the k-dimensional simplicial complex obtained by taking the full (k − 1)-skeleton of
fields F of characteristic coprime to p, and in [6] for general F. In particular, for F = C we have the following For a simplicial complex X and k ≥ −1 let C k (X) denote the space of complex valued simplicial k-cochains of X and let d k : C k (X) → C k+1 (X) denote the coboundary operator. For k ≥ 0 define the reduced k-th Laplacian of X by L k (X) = d k−1 d * k−1 + d * k d k (see section 2 for details). The minimal eigenvalue of L k (X), denoted by µ k (X), is the k-th spectral gap of X. Theorem 1.1 implies that if A is a subset of G = Z p of size |A| = m ≥ k + 1, theñ H k−1 (X A,k ; C) = 0 and hence µ k−1 (X A,k ) > 0. Returning to the case of general finite abelian groups G, it is then natural to ask for better lower bounds on the spectral gap µ k−1 (X A,k ). Note that any (k − 1)-simplex σ ∈ ∆ n−1 is contained in at most m simplices of X A,k of dimension k, and therefore µ k−1 (X A,k ) ≤ m+k (see (2) in Section 2). Let log denote natural logarithm. Our main result asserts, roughly speaking, that if k ≥ 1 and ǫ > 0 are fixed and A is a random subset of G of size m = ⌈c(k, ǫ) log n⌉, then µ k−1 (X A,k ) > (1 − ǫ)m asymptotically almost surely (a.a.s.). The precise statement is as follows. Theorem 1.2. Let k and ǫ > 0 be fixed. Let G be an abelian group of order n > 2 10 k 8 ǫ 8 , and let A be a random subset of G of size m = ⌈ 4k 2 log n ǫ 2 ⌉. Then
Remarks: 1. Alon and Roichman [2] proved that for any ǫ > 0 there exists a constant c(ǫ) > 0 such that for any group G of order n, if S is a random subset of G of size ⌈c(ǫ) log n⌉ and m = |S ∪ S −1 |, then the spectral gap of the m-regular Cayley graph C(G, S ∪ S −1 ) is a.a.s. at least (1 − ǫ)m. Theorem 1.2 may be viewed as a sort of high dimensional analogue of the Alon-Roichman theorem for abelian groups. 2. For 0 ≤ q ≤ 1 let Y k (n, q) denote the probability space of random complexes obtained by taking the full (k − 1)-skeleton of ∆ n−1 and then adding each k-simplex independently with probability q. Let d = q(n − k) denote the expected number of k-simplices containing a fixed (k − 1)-simplex. Gundert and Wagner [4] proved that for any δ > 0 there exists
The paper is organized as follows. In Section 2 we recall some basic properties of high dimensional Laplacians and their eigenvalues. In Section 3 we study the Fourier images of (k − 1)-cocycles of sum complexes, and obtain a lower bound (Theorem 3.1) on µ k−1 (X A,k ), in terms of the Fourier transform of the indicator function of A. This bound is the key ingredient in the proof of Theorem 1.2 given in Section 4. We conclude in Section 5 with some remarks and open problems.
Laplacians and their Eigenvalues
Let X be a finite simplicial complex on the vertex set V . Let X (k) = {σ ∈ X : dim σ ≤ k} be the k-th skeleton of X, and let X(k) denote the set of k-dimensional simplices in X, each taken with an arbitrary but fixed orientation. The face numbers of
It will be convenient to augment the cochain complex {C i (X)} ∞ i=0 with the (−1)-degree term C −1 (X) = C with the coboundary map d −1 :
denote the k-th reduced cohomology group of X with complex coefficients. For each k ≥ −1 endow C k (X) with the standard inner product (φ,
denote the adjoint of d k with respect to these standard inner products. The reduced k-th Laplacian of X is the mapping
The k-th Laplacian L k (X) is a positive semi-definite Hermitian operator on C k (X). Its minimal eigenvalue, denoted by µ k (X), is the k-th spectral gap of X. For two ordered simplices α ⊂ β let (β : α) ∈ {±1} denote the incidence number between β and α. Let deg(β) denote the number of simplices γ of dimensional dim β + 1 that contain β . For
for some permutation π ∈ S k+1 , and zero otherwise. By a simple computation (see e.g. (3.4) in [7] ), the matrix representation of L k with respect to the standard basis
Remarks:
Hence
(ii) The matrix representation of L 0 (X) is equal to J + L, where J is the V × V all ones matrix, and L is the graph Laplacian of the 1-skeleton X (1) of X. In particular, µ 0 (X) is equal to the graphical spectral gap λ 2 (X (1) ).
In the rest of this section we record some well known properties of the coboundary operators and Laplacians on the (n − 1)-simplex ∆ n−1 (Claim 2.1), and on subcomplexes of ∆ n−1 that contain its full (k − 1)-skeleton (Proposition 2.2). Let I denote the identity operator on C k−1 (∆ n−1 ).
(ii) There is an orthogonal decomposition
(iii) The operators
Proof. Part (i) follows from (1). Next observe that ker
It follows that
, it follows that P is the projection onto ker * k−2 and Q is the projection onto Im d k−2 .
The variational characterization of the eigenvalues of Hermitian operators implies that for any complex X
When X contains the full (k − 1)-skeleton we have the following stronger statement.
Proof. The ≤ statement in (4) follows directly from (3). We thus have to show the reverse inequality. First note that if ψ ∈ C k−1 (X) then by Claim 2.1(i)
Furthermore, if φ ∈ C k−1 (X) then by Claim 2.1(iii)
and
where the first equality is (3), the second equality follows from (6) and (7), the third inequality follows from (5) with ψ = P φ, and the last equality is a consequence of Claim 2.1(iii).
Fourier Transform and Spectral Gaps
Let G be a finite abelian group of order n. Let L(G) denote the space of complex valued functions on G with the standard inner product (φ, ψ) = x∈G φ(x)ψ(x) and the corresponding L 2 norm φ = (φ, φ) 1/2 . Let G be the character group of G. The Fourier Transform of φ ∈ L(G), is the function φ ∈ L( G) whose value on the character χ ∈ G is given by φ(χ) = x∈G φ(x)χ(−x). For φ, ψ ∈ L(G) we have the Parseval identity ( φ, ψ) = n(φ, ψ), and in particular
Recall that ∆ n−1 is the simplex on the vertex set G, and let X ⊂ ∆ n−1 be a simplicial complex that contains the full (k − 1)-skeleton of ∆ n−1 . As sets, we will identify
Note, however, that the inner products and norms defined on
Let A ⊂ G and let k < n = |G|. Let χ 0 ∈ G denote the trivial character of G and let Theorem 3.1.
The proof of Theorem 3.1 will be based on two preliminary results, Propositions 3.2 and 3.4. The first of these is the following Fourier theoretic characterization of ker
Let (χ 1 , . . . , χ k−1 ) be an arbitrary element of G k−1 and write χ = (χ 0 , χ 1 , . . . ,
The skew-symmetry of φ thus implies that supp( φ) ⊂ ( G + ) k . The other direction is similar.
For the rest of this section let X = X A,k . Fix φ ∈ C k−1 (X) = L(G k ). Our next step is to obtain a lower bound on
By the Parseval identity
We next find an expression for f a (χ). Let T be the automorphism of G k given by
The following result is a slight extension of Claim 2.2 in [5] . Recall that χ 0 is the trivial character of G.
Now (10) follows from (11) since
The main ingredient in the proof of Theorem 3.1 is the following Proposition 3.4.
Using (8) and summing (12) over all χ ∈ G k it follows that
We claim that χ 0 ∈ D(φ). Suppose to the contrary that χ 0 ∈ D(φ). Then there exists a
We consider two cases:
in contradiction of (13).
• If i ≥ 1 then χ j χ −1 i = χ 0 , and by (9)
again in contradiction of (13).
We have thus shown that D(φ) ⊂ G + . Combining Propositions 2.2 and 3.4 we obtain
Proof of Theorem 1.2
Let k ≥ 1 and 0 < ǫ < 1 be fixed, and let n >
⌉. Let G be an abelian group of order n and let Ω denote the uniform probability space of all m-subsets of G. Pr Ω A ∈ Ω : max
Proof. Let η ∈ G + be fixed and let λ = ǫm k . Let Ω ′ denote the uniform probability space G m , and for 1 ≤ i ≤ m let X i be the random variable defined on ω ′ = (a 1 , . . . , a m ) ∈ Ω ′ by X i (ω ′ ) = η(−a i ). The X i 's are of course independent and satisfy |X i | = 1. Furthermore, as η = χ 0 , the expectation of 
Let Ω ′′ = {(a 1 , . . . , a m ) ∈ G m : a i = a j for i = j} denote the subspace of Ω ′ consisting of all sequences in G m with pairwise distinct elements. Note that the assumption n > 2 10 k 8 ǫ −8 implies that
Combining (14) and (15) we obtain
Using the union bound together with (16) it follows that
Pr Ω max
Concluding Remarks
In this paper we studied the (k − 1)-spectral gap of sum complexes X A,k over a finite abelian group G. Our main results include a Fourier theoretic lower bound on µ k−1 (X A,k ), and a proof that if A is a random subset of G size of O(log |G|), then X A,k has a nearly optimal (k − 1)-th spectral gap. Our work suggests some more questions regarding sum complexes:
• Theorem 1.2 implies that if G is an abelian group of order n, then G contains many subsets A of size m = O k,ǫ (log n) such that µ k−1 (X A,k ) ≥ (1 − ǫ)m. As is often the case with probabilistic existence proofs, it would be interesting to give explicit constructions for such A's. For G = Z ℓ 2 , such a construction follows from the work of Alon and Roichman. Indeed, they observed (see Proposition 4 in [2] ) that by results of [1] , there is an absolute constant c > 0 such that for any ǫ > 0 and ℓ, there is an explicitly constructed A ℓ ⊂ Z ℓ 2 of size m ≤ for all 0 = v ∈ Z ℓ 2 . Theorem 3.1 then implies that µ k−1 (X A ℓ ,k ) ≥ (1 − ǫ)m. It would be interesting to find explicit constructions with |A| = O(log |G|) for other groups G as well, in particular for the cyclic group Z p .
• Consider the following non-abelian version of sum complexes. Let G be a finite group of order n and let A ⊂ G. For 1 ≤ i ≤ k + 1 let V i be the 0-dimensional complex on the set G × {i}, and let T n,k be the join V 1 * · · · * V k+1 . The complex R A,k is obtained by taking the (k − 1)-skeleton of T n,k , together with all k-simplices σ = { (x 1 , 1) , . . . , (x k+1 , k + 1)} ∈ T n,k such that x 1 · · · x k+1 ∈ A. One may ask whether there is an analogue of Theorem 1.2 for the complexes R A,k , i.e. is there a constant c 1 (k, ǫ) > 0 such that if A is a random subset of G of size m = ⌈c 1 (k, ǫ) log n⌉, then a.a.s. µ k−1 (R A,k ) > (1 − ǫ)m.
